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Enhanced Coherence of Antinodal Quasiparticles in a Dirty d-wave Superconductor
Katsunori Wakabayashi, T. M. Rice, and Manfred Sigrist
Institute fu¨r Theoretische Physik, ETH-Ho¨nggerberg, CH-8093 Zu¨rich, Switzerland
Recent ARPES experiments show a narrow quasiparticle peak at the gap edge along the antinodal
[1,0]-direction for the overdoped cuprate superconductors. We show that within weak coupling BCS
theory for a d-wave superconductor the s-wave single-impurity scattering cross section vanishes for
energies ω = ∆ (gap edge). This coherence effect occurs through multiple scattering off the impurity.
For small impurity concentrations the spectral function has a pronounced increase of the (scattering)
lifetime for antinodal quasiparticles but shows a very broad peak in the nodal direction, in qualitative
agreement with experiment and in strong contrast to the behavior observed in underdoped cuprates.
PACS numbers: 71.20.-b,74.25.Jb,74.72.-h
It is well known that non-magnetic impurities have lit-
tle influence on the thermodynamic properties of the con-
ventional s-wave superconductors in zero magnetic field
[1]. Non-magnetic impurities are, however, detrimental
to unconventional superconductors with higher angular
momentum such as d-wave superconductors. For such su-
perconductors momentum conservation is essential, due
to the anisotropic structure of the pair wavefunctions.
In this letter we show that an enhanced coherence ap-
pears however in these superconductors for quasiparti-
cles with an energy at the gap maximum. In fact such
quasiparticles are not scatterered at all by a single im-
purity and are only weakly scattered in the presence of
a finite density of impurities. This result has similarities
to the cancellation effect found by Zhu et. al.[2] in elastic
forward scattering of quasiparticles off a finite density of
impurities although they used a self-consistent Born ap-
proximation which does not reproduce the suppression
by multiple scattering off a single impurity. Because of
this coherence effect a quasiparticle peak appears at the
Fermi wavevector in a dirty d-wave superconductor in
the antinodal direction but not at the Fermi wavevector
in the nodal direction. Such behavior was reported re-
cently in angle resolved photoemission spectra (ARPES)
on strongly overdoped Tl-cuprates by Plate´ et. al.[3]
who commented on the striking contrast to underdoped
cuprates where coherence is observed in the nodal direc-
tion. We study the case of point scatterers in a weak
coupling d-wave superconductor. Strong screening and
weak coupling superconductivity are to be expected in
these highly metallic overdoped samples.
We discuss briefly the single-impurity problem in a d-
wave superconductor[4, 5, 6]. The scattering off the im-
purity is described by the Hamiltonian
Himp =
∑
k,k′,σ
V c†
k,σck′,σ, (1)
where V is the coupling strength of the impurity located
at r = 0, and c†
k,σ(ck,σ) is the creation(annihilation) op-
erator for electron with wave vector k and spin σ. We
restrict ourselves here to s-wave scattering. The effect
of the impurity scattering is described by the T-matrix,
Tˆ (ω). The Green’s function in the presence of an impu-
rity is
Gˆk,k′(ω) = Gˆ
(0)
k δk,k′ + Gˆ
(0)
k
(ω)Tˆ (ω)Gˆ
(0)
k′
(ω), (2)
where both Gˆ
(0)
k
(ω) and Tˆ (ω) are matrices in the Nambu
particle-hole space. Gˆ
(0)
k
(ω) is the Green’s function in
the absence of impurities, written as
Gˆ
(0)
k
(ω) = (ω −∆kρˆ1 − ξkρˆ3)−1 , (3)
where ξk is the quasi-particle energy, ∆k = ∆cos(2φk)
is the gap function with dx2−y2 symmetry and φk is the
angle of the wave vector k with respect to the kx-axis.
The matrices ρˆi(i=1,2,3) are the Pauli matrices and ρˆ0
is unit matrix in the particle-hole space.
The T-matrix for the s-wave scattering is expressed by
Tˆ = T0ρˆ0 + T3ρˆ3 with
T0 =
G0
c2 −G20
, T3 =
−c
c2 −G20
. (4)
The parameter c = cot δ0 introduces the scattering
phase shift δ0, with c = 0 in the unitarity limit,
and c ≫ 1 in the weak scattering limit. G0(ω) =
1/(2piN0)
∑
k
TrGˆ
(0)
k
(ω)ρˆ0, where N0 is the density of
states (DOS) per spin at the Fermi energy in the nor-
mal state. Explicitly, we can rewrite G0 as
G0(ω) = −
〈
ω√
∆2
k
− ω2
〉
= − 2
pi
ω√
1− ω2K
(
1
1− ω2
)
.(5)
Here 〈· · · 〉means the average over the angle φk, andK(x)
is the complete elliptic integral of the frist kind [7]. Note
that the quasiparticle DOS in the d-wave superconductor
is given by N(ω) = −Im(G0(ω)). It diverges logarithmi-
cally at ω/∆ = 1 (see the case of Γ = 0 in Fig.1). The
divergence of G0(ω) at the gap edge ( ω/∆ = 1 ) implies
that both T0 and T3 vanish. The scattering cross sec-
tion which is proportional to the square of the modulus
of the T−matrix T0, vanishes at the quasiparticle energy
ω = ∆. This remarkable result is a coherence effect as
it only appears with multiple scattering, but not for the
Born limit, i.e. c→∞.
2We proceed to discuss this interference feature in the
presence of a finite small concentration of impurities
[8, 9]. After averaging over all impurity configurations,
the translational symmetry in the system is effectively
restored, and we can rewrite the Green’s function,
Gˆk(ω) =
(
ω −∆kρˆ1 − ξkρˆ3 − Σˆ
)−1
, (6)
=
(
ω˜ − ∆˜kρˆ1 − ξ˜kρˆ3
)−1
. (7)
The self-energy Σˆ includes the effects of impurity scat-
tering, and ω˜ and ∆˜k are the renormalized frequency and
gap function, respectively. We decompose the self-energy
into Σˆ = Σ0ρˆ0 +Σ1ρˆ1 +Σ3ρˆ3, and obtain
ω˜ = ω − Σ0, ∆˜k = ∆k − Σ1, ξ˜k = ξk − Σ3. (8)
Under particle-hole symmetry Σ3 vanishes. In a conven-
tional s-wave superconductor without magnetic impuri-
ties, both ω˜ and ∆˜ are renormalized in the same way,
resulting in the absence of pair breaking. However, in
a unconventional superconductor, there is no renormal-
ization in ∆, i.e. ∆˜k = ∆k, because Σ1 is zero. The
self-energy for various cases is summarized in the table I.
and II.
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FIG. 1: (a) The DOS (upper panel) and the lifetime(lower
panel) for Γ/∆ in the Born limit. (a) The same plot for the
unitarity limit.
Next we compare the two scattering limits, the Born
and the unitarity limit. The former yields the renormal-
ized frequency ω˜, given by [10]
ω˜ = ω + Γ
〈
ω˜√
∆2
k
− ω˜2
〉
. (9)
Here ∆k = ∆cos(2φk), Γ = ni/piN0 and ni is the im-
purity concentration. Note that Γ−1 corresponds to the
quasiparticle lifetime close to the Fermi energy in the
normal metal state. The DOS is obtained by
N(ω)
N0
= Im
〈
ω˜√
∆2
k
− ω˜2
〉
, (10)
TABLE I: The self-energy term for the Born limit. “Imp.”
indicates the type of impurities, i.e. N(M) is non-magnetic
(magnetic) impurities. The min(τ−1) means the value of
ω which gives minimum value of the inverse lifetime τ−1.
Here 1/τ1 and 1/τ2 are the parameter which represents pair-
breaking caused by non-magnetic and magnetic impurity, re-
spectively. u = ω˜/∆˜.
Imp. Σ0 Σ1 min(τ
−1)
d-wave N Γ
〈
ω˜√
∆2
k
−ω˜2
〉
0 0
s-wave1 N − 1
2τ1
u√
1−u2
+ 1
2τ1
1√
1−u2
∆
s-wave2 M − 1
2τ2
u√
1−u2
− 1
2τ2
1√
1−u2
0
where ω˜ is self-consistently determined by Eq.(9) for
given ω/∆ and Γ/∆. In the upper panel of Fig.1 (a),
the DOS is shown for several values of Γ. For pure sam-
ples (Γ = 0) the DOS logarithmically diverges at the gap
edge (ω/∆ = 1). This singularity is removed, however,
by the presence of potential scattering, and the progres-
sively weaker maximum moves toward lower energy with
increasing Γ.
The lifetime of the quasi-particle, τ , is deduced from
the imaginary part of the self-energy
1/τ = Im[ω˜p] = Im[Σ0]. (11)
at the pole ω˜p of the Green’s function given by the zero
of the denominator:
ω˜2p −∆2k − ξ2k = 0. (12)
In the lower panel of the Fig.1(a), the inverse lifetime
as a function of ω is depicted in the Born limit. Note
that the 1/τ ∝ −N(ω) and the lifetime increases towards
lower frequencies ω in this limit. Towards ω → ∆ and
ni → 0 the lifetime vanishes due to the divergence in the
DOS.
Now we turn to the unitarity limit[11, 12, 13] where
the renormalized frequency is obtained as
ω˜ = ω + Γ
〈
ω˜√
∆2
k
− ω˜2
〉−1
. (13)
The DOS in the unitarity limit is determined through
the Eq.(13) for given ω/∆ and Γ/∆. Similar to the Born
limit impurity scattering removes the logarithmic singu-
larity in the DOS of the pure system (Fig.1 (b)). In
contrast to the Born limit the maximum moves toward
higher energies with increasing Γ.
In the lower panel of the Fig.1(b), the lifetime as a
function of ω is shown for the unitarity limit, where 1/τ ∝
−1/N(ω). As anticipated from the single-impurity dis-
cussion the the quasiparticle lifetime increases at ω/∆ =
1 compared to the normal state value. While in the
single-impurity case at ω = ∆ scattering is completely
absent, the effect on the quasiparticle life time becomes
3TABLE II: The self-energy term for the unitarity limit. In this table, “Imp.” indicates the type of impurities, i.e. N(M) is
non-magnetic (magnetic) impurities. The min(τ−1) means the value of ω which gives minimum value of the inverse lifetime
τ−1. Here τs = τ2(1 + ζ
2)2, γ = |(1− ζ2)/(1 + ζ2)|, u = ω˜/∆˜ and ζ = (J/2)SpiN0.
Imp. Σ0 Σ1 min(τ
−1)
d-wave N Γ
〈
ω˜√
∆2
k
−ω˜2
〉
−1
0 ∆
s-wave1 N − 1
2τ1
u√
1−u2
1
2τ1
1√
1−u2
∆
s-wave2 M − 1
τs
u√
1−u2
u
2
−1
u2−γ2
(1 + ζ2) − 1
τs
u√
1−u2
u
2
−1
u2−γ2
(1− ζ2) ∆
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FIG. 2: The variation of spectral density A(ξk, ω) for 0 < ξ/∆ < 2 and Γ/∆ = 0.05 in the unitarity limit, (a) antinodal
(φk = 0) (b) nodal direction(φk = pi/4). A cut of the spectral density along ξk = 0 for 0.05 < Γ/∆ < 0.5, (c) antinodal (d)
nodal direction.
less pronounced with increasing impurity concentration.
The reason lies in the broadening of the quasiparticle
spectrum, such that the condition of ω = ∆ cannot be
perfectly satisfied by a quasiparticle state. Clearly this
effect is most significant in the low impurity concentra-
tion limit where the spectral width of the quasiparticle
narrows. It is also interesting to see that the lifetime be-
haves very differently for the two scattering limits for
energies much lower than ∆. The dramatic decrease
of the lifetime towards ω = 0 in the unitarity limit is
connected with the presence of a zero-energy boundstate
at the impurity which gives rise to resonant scattering.
Again the broadening of the quasiparticle spectrum with
increasing impurity concentration makes this feature less
pronounced. In the Born limit obviously this feature is
absent, as the Born limit does not capture the boundstate
which is a result of multiple scattering at the impurity.
In this case actually the opposite happens, the lifetime
increases as the quasiparticle energy goes towards zero.
A possibility to observe this enhanced coherence lies
in ARPES measurements of the quasiparticle spectrum.
We consider the spectral function A(ξk, ω) given by
A(ξk, ω) = − 1
pi
ImG11(ξk, ω). (14)
There are two distinct directions, nodal and anti-nodal
momentum directions. In Fig.2, the spectral densities of
the (a) anti-nodal (φk = 0) and (b) nodal (φk = pi/4)
direction are shown for Γ/∆ = 0.1. The longer lifetime
gives rise to sharper peaks in the spectral density, which
we see as peak narrowing and rising around ω/∆ = 1. for
both directions. In addition for the nodal direction the
lower energy states become considerably broadened. In
Fig.2 (c) and (d), the dependence of the spectral density
on the pair breaking parameter at the Fermi wavevector
(kF ), i.e. ξk = 0 is shown. The increase of the impurity
concentration strongly suppresses these peak structure as
shown.
Finally we would like to interpolate between the Born
and unitarity limits by a varying coupling strength[15].
The selfenergy Σ0 is given by
Σ0 = Γ
G0(ω˜)
cos2 δ0 − sin2 δ0G20(ω˜)
, (15)
where δ0 is the (s-wave) scattering phase shift. In Fig.3
(a) and (b), the phase shift dependence of lifetime for
various values of Γ is shown at ω/∆ = 0 and ω/∆ =
1, respectively. At ω/∆ = 1, the enhancement of the
lifetime grows with increasing the phase shift, in the low
impurity concentration regime. On the other hand, at
ω/∆ = 0, the lifetime rapidly shrinks with increasing
phase shift. This is the effect of the bound state whose
energy is determined by the condition G0(ω) = cot δ0
and which approaches zero for δ0 → pi/2.
Finally, we shall discuss the s-wave superconductor
with non-magnetic or magnetic impurities in both Born
and unitarity limit[16]. In order to discuss the magnetic
impurities we introduce the 4×4 Green’s function includ-
ing spin degrees of freedom[9, 16]. The magnetic impuri-
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FIG. 3: The phase shift dependence of the lifetime at (a)
ω/∆ = 0 and (b) ω/∆ = 1.
ties in the superconductor are classical, and interact with
electrons through the s-d Hamiltonian
Hsd = − J
2N
∑
k,k′
C†
k
αCk′ · S, (16)
where Ck = (c
†
k↑, c
†
k↓, c−k↑, c−k↓), and the electron spin
operator
α =
1 + ρ3
2
σ +
1− ρ3
2
σ2σσ2, (17)
with σˆi(i=1,2,3) as the Pauli matrices in spin space.
Then we obtain the renormalized frequency and gap func-
tion as
ω˜ = ω − Σ0, ∆˜k = ∆k − Σ1. (18)
The expression of Σ0 and Σ1 are shown in table I, II for
both Born and unitarity limits. Since both frequency and
order parameter are renormalized, the lifetime is given as
1/τ = Im[ω˜p] = Im[Σ0 ±
√
ξ2 + (∆+ Σ1)2]. (19)
The values of ω which gives the enhancement of the quasi-
particle lifetime are summarized in tables I and II. In the
unitarity limit, again the enhancement of the quasipar-
ticle lifetime is observed at the gap edge, i.e. ω/∆ = 1.
On the other hand, in the Born limit, the analogous effect
occurs at ω/∆ = 0. In the case of the s-wave supercon-
ductor with non-magnetic impurities, the frequency and
gap function renormalize in the same way irrespective
to the phase shift (ω/∆ = ω˜/∆˜). In zero field thermo-
dynamic properties remain unchanged by non-magnetic
impurities according to Anderson’s theorem[1].
In conclusion, we have investigated the lifetime of the
quasiparticles in d-wave superconductor by using the
Green’s function techniques with T−matrix approxima-
tion. A quasi-particle with energy ω/∆ = 1 does not suf-
fer scattering from a single non-magnetic impurity. This
peculiar feature, which is the manifestation of the super-
conducting coherence of the quasiparticle, leads to a long
lifetime of the quasiparticle in the regime of diluted den-
sity of impurities and a spectral function which shows a
peak narrowing in the antinodal direction. The best case
to look for this effect in the cuprate superconductors is
in the strongly overdoped region. These are the most
metallic samples so the condition of s-wave scattering
is best fulfilled. Simultaneously the superconductivity
approaches a weak coupling d-wave limit. Very recently
Plate´ et.al.[3] reported an ARPES study of an overdoped
Tl-cuprate. Their Fig.4(b) shows a quasiparticle peak in
the antinodal but not in the nodal directions in contrast
to the observations in the underdoped samples but in
agreement with the analysis presented here.
Financial support from Swiss National Science Foun-
dation and NCCR MaNEP are gratefully acknowledged.
[1] P. W. Anderson, J. Phys. Chem. Solids, 11, 26 (1959).
[2] L. Zhu, P. J. Hirschfeld, and D. J. Scalapino, Phys. Rev.
B70, 214503 (2004).
[3] M. Plate´, J.D.F. Mottershead, I.S. Elfimov, D.C. Peets,
R. Liang, D.A. Bonn, W.N. Hardy, S. Chiuzbaian,
M. Falub, M. Shi, L. Patthey, and A. Damascelli,
cond-mat/0503117.
[4] A. V. Balatsky, M. I. Salkola, and A. Rosengren, Phys.
Rev. B 51, 15547 (1995); A. V. Balatsky, I. Vekhter, J.-
X. Zhu, cond-mat/0411318.
[5] P.J.Hirschfeld, P. Wo¨lfle, and D. Einzel, Phys. Rev. B
37, 83 (1988).
[6] Y. Okuno, M. Matsumoto, and M. Sigrist, J. Phys. Soc.
Jpn. 68, 3054 (1999).
[7] Handbook of Mathematical Functions with Formu-
las, Graphs, and Mathematical Tables, edited by M.
Abramowitz and I.A. Stegun, (Dover publisher, 1974).
[8] A.A.Abrikosov and L.P.Gor’kov, Sov. Phys. JETP 12,
1243 (1961).
[9] K.Maki, Superconductivity, (Marcel Dekker, New York,
1969), ed. R. Parks, 1035.
[10] E. Puchkaryov and K. Maki, Eur. Phys. J. B 4, 191
(1998).
[11] C. J. Pethick and D. Pines, Phys. Rev. Lett. 57 118
(1986).
[12] T. Hotta, J. Phys. Soc. Jpn. 62, 274 (1993).
[13] Y. Sun and K. Maki, Phys. Rev. B 51, 6059 (1995); T.
Hotta, Phys. Rev. B 52 13041 (1995).
[14] A. Damascelli, Z. Hussain and Z.-X. Shen, Rev. Mod.
Phys. 75, 473 (2003).
[15] V. P. Mineev, and K. V. Samokhin, Introduction to Un-
conventional Superconductivity, (Gordon and reach Sci-
ence Publishers, 1999).
[16] H. Shiba, Prog. Theor. Phys. 40, 435 (1968).
